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IZiED &, RA VORNELEROTBIZIURT 5 HZ2 /R U7z, S I1FEIZ, EABEBOIURIZ
DVWTHEEIUTH Y, MfREE I M7 T AL HF TNV S,

AFHTIE, EIZZDOAFIZDODWTEELZW. (1) BEAEMEOMMERIE. (2) FEAREH DM
PR 23 7= 3 i R A D R,

(1) BV — < Y ZRRIKDEHEIT Grosjean (2 & > THERINTEH D, HiZ Honda ¥
Ambrosio-Honda (Z& > T (U =~ VM OB AP S T RV) FERZERIZHHEI N TV 5.
Hx 3 (FrRZEM ET) & (1) © T8 kEEMEKR] IZ2WTiRbzw. 220, p 7 75337
VOIS, 25 THEEEAMHE] & WOBRPFEL RV, ZORGFHEN S, M
B HUNCEIR T 2 BN H 5. TNZE YL RMANEREZHCTIHAT S, (2) DFHRE
NiF TERKZ 7707 v o EEAMEARER] EEIEN 5. FEEE & PR 2R R 7B R
PO Linu KIZ&>T, ZOREAD TH#EZER] ETOEAME2 52 2HATE 2. GHHT
X F DG L BEEEZE LR KT 75 0T VOFRFOEAMBEIZOWTIm L 72\,

BMEOHME. [13], 4] DL b3 FiRB L, N5 OHLER [7], [11], [1] (BB E2 G TIT > 721t
£ (17], [15] OB % T 5. EFIZKFR AL ZL LT, [6], [16) D 5DT, TNEMEAL
W RERBENE LTI, [17] & [15] 1IZER2XTTH SN, £AEZZETTETVARL.
Wo T, (2RAETIIRERFL ST IN, EETETVWIHEZUADZRD)ELEHDOR
WHES IR fREC IR o T L E D b LR,

ARICOVWT. EfRZBRD/HOMFEOERLERPIAY P2 HL X=VHDPRR
50T, GEHIFAE W .



1. AEvEES PEELGERE
PEREZEM (X, d) L x e X &r > 01TX L,
Bi(z) ={y € X [ d(z,y) <r}

CEDD. IEx 2HLE TR r OBIERE R,
R f: X > RIZHL,

LMﬁ:ﬁgm%i§m

LED, INE O Ty YERE NS !
Lip(X) = {f : X = R | Lip(f) < oo}
CRED, ZOmr ) Ty VB WS £z,
Lip,(X) = {f € Lip(X) | f is bounded}

95,
f:X—>R&zeXITXU,

lip,(f)(x) = Tllr& Lip(f|B,)) € [0,400]

LRESD, TN% f D xBTS asymptotic Lipschitz constant (BREEYY 7' v Y EH) &I
. lip, f: X — [0, 400] (& Borel AIHITH 5.

Iz,
. |f(z) — f(y)]
V = hm su e —
| f|([L’) T%O+y€Br(m§)\{z} d(:c,y)
&L,
_ O}
Tl = i sep R W) = f(@),
Vi) r50 e (a0 (o} d(z,y)
y L,

V= fl(2) = [V (=f)l(2)
&3 5. JIEFEIZ slope, superslope, subslope &\ 5.
B S0,
max{|V" f|(z), |V~ f|(z)} = [V f|(z) < (lip, f)(=) < Lip(f)
NS AIRVASR
diam X = sup, ,cx d(z,y) 2 X DERE (diameter) &5 . FILE A C X ITHL,
inrad A = sup d(0A, x)

z€EA

CREDD. THITRFEE (NEFEEE /inscribed radius/inradius) XN S . A IZEE N5
HRDVRDORAIETH 5.

Lemma 1.1. FAEG A C X & f € Lip(X) iZ8 L, B U sup,ex [f(2) =1HD f=0on
X\ ADEDY LTI,

(inrad A)~! < Lip(f)
KD SLD.

20, suph =0 EHIHT 2. Bz, X 2B/ 5, Lip(f) =0 ThH 5.



2. BEVERBRARY

21. pZ TSV T VERBBRRITIOT7V. 1< p< 0B (THET, p£1LT5B).
QCR"ZHESGL UBABu: Q—-RE25256. 2Ok &,

Ayu = div(|VulP?Vu)
ZudDpZFTTYT Y (p-Laplacian) £\ D . p=2D L ZXW@HEDT TV TV
" 0%u

AQU =Au= 2 ax%

A | LkANIoRANTAY
7z,
1
Asu = Hess(u)(Vu, Vu) = 5 (VIVul?, Vu)

% u DERKZ 752 7 ¥ (infinity-Laplpacian /oo-Laplacian) &\ 5.
ZI 5D operators DRFIZIX, IRDBIRDL D 5

Ayu = (p—2)|VulP*Aru + |VulP 2 Au.
2.2. BREHFRERN. JifEA
(2.1) —Apu=01in Q
gp AMARKNLIEY, £ Off% p AL (p-harmonic function) £\ 5. (2.1) & p T3
£ () = / IVl dc
@ Euler-Lagrange fife & LTRO6N5. ; D KBTI A3 EE Y R L 72 WP (Q) D

LCREMAL, Z2% 52 58%% o € C(Q) OHIFTHLS.
BT, IR D ARG

lullo) =1 (B2 ||| Vull| g = 1)
D RTEREZEMT S &,

(2.2)

—Ayu = Mu[P"?u in Q,
u =0 on 0f)

EWVWHFRREES. Ihi A, OBEARALIER. ZI T, A>03EHTHD. ZOfE
M) /U, A% (T4 U oL) BEE, vz BEEHREITES.

Remark 2.1. (1) & 0 BEZEIZIX, (2.1) X (2.2) 1358/ (weak solution) D=k THET 5. H#i
ZIE, (2.2) DEKRIZHL FTH

—/ (|[VulP2Vu, V) + AMulPup dL™ = 0 for all p € C°(Q)
Q

EWVWIEIERTHD (> T, Vu = 00558035 > THRERW). BIRAIT, §5fRILFERR
(viscosity solution) THEH DV, FHLRD TH 5.

(2) p #2 DG, A, \FIEFIE operator TH 5. FHZ, A, DEHERIEDEED L S D5
HEH SN2 272U, QA% bounded domain THNIE, B—EBEE L VSR HEE T 5

Lz TTH B, BLHMAZLEDLNARKBOBAICEMSNTVAWET. b LESOMEVWTHIIT
CRIDE AT,



(7272U,1<p<oo&95) §4bb, L1 Y —7 (Rayleigh quotient):
Ep(u)

ueE [ull7s 0

ﬁyay:

EEZDL, A (Q) > 02D\ (Q) XA, OFAETH D, 0 < X < AP (Q) 1L, MIEik
U CHEAMEIZZR SR\,

T L2 WERORIR L R S EHIIM T TH 5.

Theorem 2.2 ([4], [13]). 2 C R" % bounded domain &9 5. TD& &, AR 2D:
(1)

(2.3) 3 lim A () = = AP (q).

p—oo inrad €2 *
(2) Let u, € W'P(Q) be a weak solution to (2.2) for the 1st positive eigenvalue A =
AL, () with [[up||zr) = 1. Then 3{p;}52, a subsequence of {p},~1 and Ju € C()

such that
Eljlggo Up, = U
satisfying
(2.4) min{—Ayu, |Vu| — A2 (Q)u} =0 in Q

in the viscosity sense.

BBICES U AR (44) 2 A, OXEHEMBE L IE,

[?ﬂz’zODEE’Ji DEH & JRAET HEAMEEZ LD RN ERET— ﬂ“fbbﬁ¢()&‘§“6$f%é]

Remark 2.3 (JE{75%). —MBAbD A& U T, Theorem 2.2 D (1), (2) iZAUEIZHK 5 FHAT
5T, (D), VAU —RERRIC ﬂik?b‘%i’b ERWDT, B operator A, ¥ HFER
(2m%m5ﬁﬁ#a< %EWWA®#ﬁﬁWéMTm
e £, (1) 1% Grosjean ([7]) 12 & » THAEMY —~ /571%42'3 (M g) DGEITHIRE
2. ZOBE, Q=M &L, 22) 3HAZMBLTE R 5. E.ﬁfﬁ

Ay (M) = g Ja IVul? dvol,
P =

veex0n infueg [, [u — alP dvol,

wu is not constant

THEBE XN,

2
lim A\, (M)Y? =
pggo 1 ( ) diam M

DD LD, T 2T, diam M = max, ey d(z,y) TH 5.

e Honda ([11]) 3 & &' Ambrosio-Honda ([1]) I&PA R DF i’a’:%zt. RCD(K, N) &
% i 72 I BREEZE [ (X, d,m) % RCD(K,N) ZEfl &IPSR, 22T, K € Rk
N e [l,+00) IFEBMTH 5. AfTIL, RCD %FHWGZOL\’CE%HH’E%E?Z)ﬁ, EZEEN
DAEMHER OBUR P SHELNRTH D, ) —~ U LHRIE L CTREASI NS MYz «
FHEHIZD E RS EIHNTEL2HIFSNT NS,

BE-TEAHE VS DI, HE ETHLTORMEAME VI ERTH S, AT &> T, FFEAE LTS
%%%5
TOERRNIC B AL, REZEE L TREETNSOBRE > D IEBENTETVAL (TR V).



387 b RCD(K, N) EMBE» 62507 T A R &5 A (F ZITITHEN &
Gromov-Hausdorft PERDAIHHZ ANTH &), T D LT

F:Rgn x[1,+00] = [0, +00]

%
( 2 £
diam (X, d) tp=too,
[wtryam 1"
. lip,(f)F dm
F((X,d,m),p) = inf if 1 <p<+oo,
feLip(X.d) ; / f = af” dm
aGR
L A(X,d, m) ifp=1
EREFET B, 272U, h 1L Cheeger FETHTH 5:
(A B.(A)) —m(A
h(X,d,m) = inf m*(4) m*(A) := limsup m(B:(4)) = m( )

b
eSS, m(A)

ﬁ%&ﬁ%ﬁ@wxDﬁﬂﬂi@ﬁﬁ%ﬁﬁ%%%%ﬁ%bﬁ
O & D8I 208, %O DFRETIHEMBENT L VFICHEET S (FIRIXAAHN
A UZ2fFTH > TH Z DR S W@hﬁ?ﬁm%ﬁbbﬁé$h%gabfb<)
— 75, IRKRZ 777 ek RN LTS 575X, Juutinen-Shanmgalingam
([14)) 128¥3% 3 5. £ Z TIZERAFFAMAEI (co-harmonic equatlon)

—Agu =01in €

e—0+

IZDOWTHHRSGNT WD

XY b A%< & HFDBBE TN F DFT, Theorem 2.2 DHLFRETH 553, 244X, Theorem 2.2
DK D LTI 0RRZR wild 72 R T S & W D OIS H D 155,

2.3. EfER. UNICEMBEZHMATS. £, (X, d) 25 oHE#EME L, mZ2ZD0 LD
Borel measure &9 5. 7272 L,

Ve e X,¥r > 0,0 <m(B,(z)) < oo

ZINET 5.
Borel #3846 A C X IZX U,

WyP(A) := {f e W(X) | f =0 m-a.e. on X \ A}
CREDD. BT,

/umha
A (A) = @f
< [ apdm
i,
Remark (M) A C A THIUE, AP (A) > AP (A) £ 155,
EHIIIRORR “FEEEDL EE 2EAL



Definition 2.4. HAEL > 11254 L,
(2.5) Aep(X) 1= inf max A\ (A;)

Ag A1, ApCX: 0<i<k P

disjoint open

EREDSD.
¥ 7= Grove-Markvorsen (2 & > TEAIN/-HHEEHOAR LR Z2EE T 5.
Definition 2.5 ([8]). FEEZZMH (V. d) & k> 11Zx L,

d 1y JJ
pack, .Y := sup min M

Y0,Y1,e Yk €Y FJ

FYo, ..., yr €Y such that
::“”){r:>0 (B, (y:) Yozizs is disjoint }
EED, TN% (k+ 1)-packing radius & FE.3.
Remark 2.6. k=1D & &, EEDS

diamY
2

pack, Y =

Thb.
X7z,
X1,/17(X) = Al,p(X)
ThHHENE SN TV ([1)).

ST, MANCHEN T DFERIZATTH 5 CREFHFEIIRETERT D):

Theorem 2.7 ([17)). k > 1 ZBFLREARK L T5. (X,d,m) %, volume doubling 5 &
(1, po)-Poincaré inequality & Sobolev-to-Lipschitz &% i 7= 3 HIE 2 e 3257 2
DEE EEOEAREE > 1ITHL,

— 1
I lim A p(X)VP = ————
pggo er(X) pack;  ; X
AN A/RVASH
FE1Z, bounded domain Q C X {Zxf L,
d(:. 1
inpack, 2 := sup min {M, d(09, x,)}
T1,...,kEQ i#] 2
LED,O
—D o . D .
M) =, I, g ALy (A)
isjoint open
EEDB L,
~D 1
I lim A, (VP = ————
proo kP () inpack;, €
NI A/RVASH

Remark. inpack; = inrad Q 2D T, D FikiE Theorem 2.2 D (1) D—fkiZ72 > T
W3,

BRFFIET LT FTHRD IO, 0=0 &\ S HHARDE D O IFRDT, 2827 N DBEAA
H.

*6X 1% proper 2D TEEIZIE, EORD sup 1 max TH 5.



£ 5 — DN U2 WEERIE Theorem 2.2 D (2) IZBH2EDTH 5. FHFERX (4.4) % Bk
WWLTE&&bQﬂmh&O&V?%@T%%.

Theorem 2.8 ([15]). (X,d) ZEAHMZEFR L L, Q@ C X % domain & U, 00 £ 0 &9 5.
Torx

o X e RIZIFEN

u=20 on 0f)

DREVERR L U T ORERA T %2 5 2 7=
o \=A2(Q) = (inrad Q)L izxf U, Q EClifize FRR AREADEMEE u: Q — (0,00)
DFAET 5.

Remark 2.9. (X,d,m) & “+/ LW FRZEH & U, Q % bounded domain T IO # 0 &
RoTWBHEDLTEH. WEDORAT, Q EDp 575 U7 OB IEEAHEIZET S EA
B u, &, p— oo & U7 & & OIGREIEUI BT D58 N A, ZHIIIRITP 2N EFRET
H5.

{ min{—A,u, |[Vu| = Au} =0 in Q,

3. Theorem 2.7 DADEZH

Theorem 2.7 (2855 U7z K& RHFEZ T 5.
WD T (X, d, m) ZHEFEREZE M (metric measure space) &3 5. Z DRI,

o (X, d) D54 B,
e m ¥ (X,d) E®D Borel measure T,

Ve e X,¥Vr > 0,0 <m(B,(z)) < oo
7=
EWVWOHHEIKRTHS. KT, 2D L E, mido-finite T, m DY R— MEI X 2RIZRS. (X,d,m)
ZOAR, BIZ X &RT. 72,1 <p < oo lZX U, Lip,(X) & LP(m) DHFT dense 1272 5.

31. VRL 7ZEEDESR. UTNOERIZP)Z22H Uz 1<p<oo & T B, felP(m)lH
L, ZDOpIRILF—%

E)D) Euan(f)i= , it limint [ lip, () dm
X

{£j}CLip,(X) j—o0

EEDD. ZIZT,inf 1k {f;} C Lip,(X) 22 f; — fin LP(m) 7225 {f;} 2RIZIE > T
5.
REAHDLWDT, BUF, BT E,(f) = Evqp(f) £E L.

Definition 3.1 (Sobolev space). & WlP(X) 2
WI(X) = {f € IP(m) | &(f) < +00}
TED, fe WP(X)D (1,p)-norm %

/p
17l = W lhwzzy = (1o + €5

THEETS. i5WEbLVWEEIE, Wy =W? e EL
Remark. —f#%DHIEREEZHIZ B W TIE, W2 X Hilbert Z8[E & 1EBE & 22\,



Fact 3.2.

(0) &, : LP(m) — [0, 00] 1% lower semicontinuous (274 %.

(1) (WEP(X), |l - ll.p) & Banach space I272%.

(2) fe WH(X) & G € LP(m) with G > 012X L, G A f D (p-)asymptotic relazed slope
Thdeid, RefizdeEzn5:

3(f,) C Lip(X) and 3G’ € LP(m) such that
fn — [ strongly in LP(m) and
lip,(fn) = G’ weakly in LP(m) with G' < G.

(3) p-asymptotic relaxed slope &K% HEMIZ ARS,(f) £FH < & &, ARS,(f) & LP(m) D
FEMHESTH S, /o T, BB |Df|., € ARS,(f) T

11D f«pll Lo (m) Geﬂlsfll](f)ﬂ | e (m)

Zii72 3 DN —HINIZFET D, TOKRZ |Df|., & f D minimal (p-) asymptotic relazed
slope LRI, B
:/ |Dfl.," dm
X
79

(4) IDf]ip i E (IFE A L) BRDEKRTH asymptotic relaxed slope ERDOHTHR/NTH 5.
Tbb, fEED G € ARS,(f) IZH U,

|IDfl.p < G m-a.e.
DK D SO, FHZ, f € Lip(X) i2xf U,
Dfly < lipy(F) mese
AN A RVASH
Definition 3.3. & T, Borel subset A (ZXf L,
WoP(A) == {f e WP(X)| f =0 m-ae on X\ A}
ERED,

[ 1psld
A (A) = inf
fev?;éﬁ(m /|f|pdm
3B, F1z, Mp(X) &, (25) TED .

Definition 3.4. (X,d, m) 7 volume doubling &#%jiE7/d &Ik, ICp > 1; Vx € X,
Vr > 0, we have

m(Bar(z)) < Cpm(B,(z))
Rl E 205, ZZIZ8ET B Op % doubling EHE WS, 72, 2D L &,
(3.1) s =8(Cp) :=1log,Cp € [0,+00)
&9 5.
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Example 3.5. (M, g) D niRIt5efH Y —~ Y ZRRIKT, Ric, >0 &9 5. TD& &, Bishop-
Gromov DARFER:
ol (Bu(2))

v Sas r N\ 0+
D DNLD. ZIZT, V, IZE” O r DERIKDEFET, FFiZ,
Ve =Vir"

5. FHT,

vol,(Bar(z)) < 2" voly (B, (7))
DEODIND. ZDEE n=sTh5.
Remark. EOHNZETHNDHRIZ, (3.1) TED 5Nz s 1d, volume DI KE DB S A
7z “RIC (D EF) TH B, EEITIROMFFTREHDED ZD: (X, d,m) D CpiZDONT
volume doubling THHE EZ, 2 X & r>0& X > 1ITHL,

m(By-(z)) < Cp - M*m(B,(x))
5. HIZ xeX&r>0&A>1&ye By(x) XU,

(Bag(2) < C - Nm(B,(y))
&%, GERIEZ & 20X, [10].
Fact. (X,d, m) »% volume doubling /7% i 72 3 I EEEE#EZE ] © & 11IX, base metric space

(X, d) & metric doubling TH 5. DXV, 3IN € Zog; Vr € X, Vr >0, Jz1,..., 25 € By (2)
such that

BQT(I') C BT<I'1) J---u BT(ZL'N)

MY LD, THE EIZE Wz Remark OARERN SHRIZH 5. KT, (X, d) 1% proper
ThHd. T80E, X OEEOARHEGEIY NI M THD.

Definition 3.6. 1 < py < +00 &3 5. % ball TAFEDREE f: X — [—oo, +oo] & m A
HEA% g : X — [0, +oo] I U, # (f, g9) #% (1, pp)-Poincaré AFR % {ii7= 9 & 1%, 3C > 0,
Jo > 1 such that Vx € X, Vr > 0, we have

][ f—][ fdm’deC’T][ g¥ dm
By () By (x) Bor(z)

iz e EE2 VD, KVIEMIZIE, 2D E, (f,9)1F(C,0) I8 U, (1, po)-Poincaré A~5&
FE Vi B AR B

24l (X, d,m) 7* (1,p)-Poincaré AERZBLT LIX, HIEE I NLEBDRT (C,0)
DFAE L, AEED f € Lipy(X) XU, (f,lip,(f)) #* (C, o) T (1, po)-Poincaré RN % jii 7
FTEeEEWNWD.

Proposition 3.7. 1 < py < 00 &3 5. (X,d,m) » (C,0) T (1, py)-Poincaré £ % i
g E ERD f e WH(X)IZXHU, (f,|Dflva) & (C,0) T (1, po)-Poincaré A3 2 {iif
7= 9.
volume doubling §eff: £ #4721 < py < 0o (X U (1, pg)-Poincaré 755X % Jii 72 3 I L R
HEZEf %2 PI BB & WS . (X,d,m) »° PI ZEfECTHNIE, EED p,q € (1,00) (XL,
o WIP(X)NWhH(X) IZ WHP(X) DHIT dense TH D,
o feWP(X)NWI(X)IZH U, |Dflsp=|Dfleg




LRBEPHISNT WS ([2]).
D&, PI Rz LT, f e WhP(X)IZxf L,

IDf| = |Dfl«p
EENTULEOEHEIC

Proposition 3.8 ([9]). (X,d,m) Z A5 Pl 2 & 95 (FIZm(X) < o TH D). s%&
(31) TEDSD. ZDL E, p>max{s, 1} THNX TED f € WP(X) I Holder version %
FiD. X DF U<, doubling X Poincaré N5ERIZEL T 5 ERIT DAL 5 (HHRHY
RYEBC > 0P FAEL, Vf e WHP(X), Vz,y € X,

760~ S = Cltiam 3y (EDY gy
m(X)
D LD,
Definition 3.9. PI ZZffi] (X, d, m) 7’ Sobolev-to-Lipschitz §4 % jii7= 3 & %
V€ WH(X)nWh(X), f € Lip(X) and [[|Df|||zm) = Llp(f)
=T EERE VD,
T,
W2 AW = (£ € W | [f] = < 00 and [IDllls=my < 50}
MRS 5. Lip, c WH2NWh> TH 5.

4. IRERZEE ED|EB KRS TS5 7 O

FREEZEM X = (X, d) 2’EA (proper) &1, TOHOIEEOERAEEN I VT Nk
5HFHENDI D7
PRAEZZR] (X, d) WO ERidhER v : [0,1] — X 12 L, 2Ok %

N

L(y)=  sup Y d(y(tir), (L) €[0,09]

O=to<t1<---<tny=1 i—1

EREDD. EEPOLWVWDTH L(y) z d(v(0),7(1)) THbd. L(y) =d(v(0),7(1)) ZiHE7=9 &
&, v &R (geodesic) &\ .
E =D " RN TR 2 Bk 7e PR 25 ] % SRI IR Z2 R (geodesic space) &5 .

41. 2—=20y FEEOHBEOMER. MEROME2EE TS Q c R" Z2H%EGE L,
54
F:QOxRxR"xSym(n) - R

F5AD (UTFIRRBEAHITIE F 3T R CHEETHS). £72, B u: Q — RICHL,
KA1 B SRR

(4.1) F(z,u(x), Vu(z), Hess(u)(z)) = 0 in Q
BEZLDRENTEDL (ZOFEKT F 2 EHREES). udtniorike s Elz
Flu](z) &7

Definition 4.1. A2 (4.1) 2% (B LK IX F AY), IRIEFEHEE (degenerate elliptic) TH 5 &
1, AEED (2,0,8) e QX RXxR™ & A, B € Sym(n) with A < BIZX L,

F(z,a,6,A) > F(z,a,&,B)
MWD DEEER N,
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Example. S AR —Au =019 2 FIXF = —trace A TH 5. 7=, FTRAKFAF S
R -Au=012XB3 5 FiE, F=—(AE THD. TholdB{LEHETHS. —
LREMEHBEEHRTH 5. FRIZ, A, DEAEHEA

—Apu — MufP?u=0
P, Ay DEA X
min{—Ayu, |Vu| = Au} =0

LIRILEHIETH 5.

Definition 4.2. F ZR8{LIEMMZERR L 5. FEE (resp. EFEH) R u: Q — R
FFER (4.1) ORGMEEAR (viscosity supersolution)(resp. #PEL R (viscosity subsolution)) &
X, EEDzeQ & e )T,

u(z) = p(x) and u > @ in Q@  (resp.u < @ in Q),
— Flgl(z) 20 (resp. Flp)(z) <0)
iz dEE NS,
RiVES R D> D REVEEE T & S 1/ BAEUE #E 1A% (viscosity solution) &\ 5.

4.2. ERAERFMBK. 2T, (X, d) (DREAEE) LT, AL ITE 20 IWA A2z EEZL T
WL 252 B MR %fu (R™ ) Q — RAVMBKEFFITH 5.

open
(4.2) —Agu > 01in Q
LW HOREOT2EE L THL.
Theorem 4.3 ([12], [3]). bounded domain Q C R" & @R v : Q — RIZH L, AT IEA
fETH%.

(1) w kMO ERT Q ECERIEKERNTH 5.

(2) w enjoys the comparison with cones (from below and above).
(3) uis AMLE.

Y b AMLE WS HEEBSEE 57285 LW, BELHELROTRARTEL (&
72U, [14] D style TR 2). f:Q — R % Lipschitz BI 2 325 (RIZWEIX f=0%2F %
f:b\). u € C(Q) H f @ absolutely minimizing Lipschitz extension T#® % &1, u = f on O
7D VYO C Q: subdomain, we have

Lip(u|o) = Lip(u|s0)
EiTEER NS,
Remark. [14] Ti&, Theorem 4.3 @ (#2472 5&ME 03D\ 72 ) () BEAEZE Rk Z 2 > T\ 5.

DE D, (BEREZERITIE (1) IS T 2SN D T) cone & DKM AMLE O [Ff#
PIZDOWTHTHRT WS,

Definition 4.4 ([14]). X = (X,d) z#=M e U, Q Cc X 2HEAEL TS v: Q> RH
(Q ET)EEDTHLDHE%ZFFD (u obeys the comparison with cones from below) & &,
Vo € ,YO CC 2 open with zy & O,

{VaER,VHSO, if u> ¢ in 00, then u > ¢ in O

ZiiEdHEE2NS. TI T, ¢=a+rkd(xg, -) THH, 2% cone function £\\H. £
72, 0CCQIE, ONERPDODBQIZEENDEEVWSEKRTH S,

(4.3)
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u 7’ Q _ETHERAREIAF (co-superharmonic) TdH 5 & 1F, u ¥ Q LT R DL O
ThroDFHizR D& T2V, MEKEHNE WS R 25 5T
Ayt >01n
L&EL.
u D Q ETHERARSEFEF (co-subharmonic) TH 5 &1, —u H*Q ETHREXEFHANTH 5

EEEWVWD. HIZ, udtQ ETERKIFEAFM (co-harmonic) & 1&, v H¥Q ETHEERKEFFID
WRARSGHFHNTHL L EE2 VD,

e (4.3) 1IZBitv 5 cone function DRIk BIEIETH L2 FITHERL THEL. X 2—27 Uy
RZER DG E LR DT £ ICAE L THMDR.
F2FRDFEZRL T2

Lemma 4.5 ([15] existence). X % proper geodesic space & U, Q C X % bounded domain
El,geCON) 2525 ZOLE AEED N> 0ITXL,

@) = if [g(y) + Ad(z,9)]  (x€Q)
TERI NS u: Q — R IF co-superharmonic in Q 2D |[V-u| = X in Q %729

Proposition 4.6 ([15] Harnack inequality and regularity of oo-superharmonic functions).
Let u : € — R be an oco-superharmonic function on an open subset €2 of X. Then, the
following holds.

(1) u is locally Lipschitz;
(2) for each z € Q, |V*Tu|(z) < |V~ ul(x) holds (DX VD, |Vu| = |V u| TH D),
(3) BEIZ |Vul X EEdERTH 5,
(4) if u is nonnegative on Q, then u satisfies Harnack inequality. (ZNIZH)
43. EERZM EDMIRAS TS5 7 Y OXERERE. 5005, X = (X, d) IKEA R,
QIZZTORELGLT D (b TQIRAERERET, 0040 L WIKEZAITZ). T, Hxlk
(4.4) min{ —Ayu, |Vu| — Au} =0 in Q
WD HREREHE#EM ETCEMELZWDE 572, ZHEIZEZIE, “e =0 2EHT S
51, LL. Z 077 t cc. S 077 %E%j—mci‘i \1\.
Definition 4.7 ([15]). #f5E7 u : Q — R D3 (4.4) DEFE (supersolution) ThH 5 H %,
—Asu>01n )
YIRMS
V- ul(x) > Au(x) for every x € Q
/2T HETERT D.
AR IRIT, “e <0 ZEHKT D. Ea,bI1ZX U, min{a,b} <0 IF,
a>0 = b<0
CEMERFMTH D HITERELTEL.
Definition 4.8 ([15]). #AERA% v : O — R 2% (4.4) DL R (subsolution) TH b H %,
Vg € Q,Vr > 0,V¢: oco-superharmonic in B,(xg)
and u — ¢ has a local strict maximum at x,
we have lim inf) V™| < Au(zo)

e—0+ B, («TO

2l HTEDD.
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Definition 4.9 ([15]). (4.4) Of & 1%, BEP DL THEEDE NS,

IRDEEGVED D 32D
Theorem 4.10 ([15]). (4.4) DEfE/HiEOBEZ, 2—27 ) v FZEHO domain (ZHW Tl
T OREVEESE R E S OBER L FETH 5.

4.4. EEE. DLEO¥EFFOT, FEHO FREZ EMICRRDHNTE 5.
(X,d) ZEAHMZERE U, Q% X A bounded domain & U, 00 #0 &3 5. AeRIZ
XU, R (4.4) OEfRw T, Q ECTIETH2EDR2MEKDELE%E S\(Q) & EHELFITT 2.

A =sup{A e R | S\(Q) # 0}
EEDD. Lemmas 1.1, 4.5 025,
uaise = A2(2) d(99, ) € San @) ()

MRIPBEDT,A>A2(Q)THB. 22T, AL(Q) = (inrad Q)L 72 o 7=,
AR ERRTH 5.

Theorem 4.11 ([15]). A=A2(Q) TH 5.
B2, Q @ incenter 2R DES
M(Q) ={zx € Q| ugse () = 1}
BEZDH. ZDEE,

Uso () := inf {u(m)

WZEo>THBu, Q> REZEDS.

Theorem 4.12 ([15]). U 1F AN = AIZBILT (4.4) DIETH 5. £72, use =0 0n Q L7255k
12 Uoo 12 Q BIT (— RN SRR T N 5.

OXAV N (REOIAY M. (=2 Y v RE-OA TSI U T) Mazurowski [16] 1, p
37?&7V®Eﬁﬁ®ﬂ%@@ﬂ&%&bf,%MK%?%W@A@%E@ﬁ%ﬁTV%
%7z, Gromov [6] IZ & 2R ARSHIEHE . TS 2B SHIFFROEIREHLZALS. 5
BIDOWLEEE D HAND—HEEZXT VWD,

u € SA(Q) with
u=1= maxu on M()
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