On the decay property for the nonlinear
Klein-Gordon equation in de Sitter spacetime

Muhammet YAZICI

Graduate School of Information Sciences, Tohoku University

1 Introduction

We consider two nonlinear problems for the wave equation. First we show the blow
up result to the following initial value problem for the wave equation with weighted
nonlinear terms in one space dimension:

Otu — 0%u = G(z,u), (z,t) € R x[0,00),

u(z,0) = p(x), Owu(x,0)=1v¢(x), xR,
where p(z) € C*(R), v(x) € C*(R), and G is the nonlinear term such that G(x,0) = 0
for z € R.

The second problem is the inital value problem for the nonlinear Klein-Gordon equa-
tion in the de Sitter spacetime,

O}® +n®; — e ?A® + m?*® = F(P), (z,t) € R" x R,
O(x,0) =@o(z), 0P(x,0)=¢1(z), xecR"

where g, 01 € WN2(R") and F is the nonlinear term. We derive pointwise decay
estimates for the solution to the linear Klein-Gordon equation in the de Sitter spacetime
with and without source term by using the decay estimate for the following linear wave
equation with zero initial velocity and nonzero initial position,

v —Av =0, v(z,0)=p(x), v(r,0)=0, (z,t)eR"xR

where p(x) € C§°(R™). We use the estimates for proving that the inital value problem
to the nonlinear Klein-Gordon equation admits a global solution for small initial data.



2 Wave equation with weighted nonlinear terms

We consider the initial value problem for nonlinear wave equations in one space dimen-
sion:

O*u — O?u = G(z,u), (z,t) € R x[0,00), 21)
2.1
U($,O) - @(‘T)? atu('ra 0) - ¢($)a YIS Ra
where ¢(z) € C*(R), ¥(x) € C'(R), and the nonlinearity is typically given by
p—1
Glau) = — v (2.2)

(1 + 22)(etD)/2’

where p > 1, a > —1. When a = —1, Kato [9] showed that for any p > 1, the solution
for the problem blows up in finite time under certain positivity assumptions on initial
data in one space dimension. In addition, Zhou [19] obtained upper and lower bounds
of the lifespan in terms of the size of initial data in one space dimension. When a > —1,
then the situation becomes different as was shown by Suzuki [14] in one space dimension.
Indeed, when p > (1 +1/5)/2 and pa > 1, the problem (2.1) has a global C?-solution
if ¢ and ¢ are odd functions and their size are sufficiently small. On the other hand,
when —1 < a <1 and p > 1, the blow-up occurs. In addition, Kubo, Osaka and Yazici
[10] obtained that when p > 1 and pa > 1, the solution exists globally if the initial data
is sufficiently small and odd.

Our aim is this section to answer what will happen for the case of p > 1 and a > 1.
We denote by T, the lifespan of the C?-solution to the problem (2.1), that is,

T, =sup{T € (0,00) : (2.1) with (2.2) has a solution u € C*(R x [0,T))}.
Now we are in a position to state our result.

Theorem 2.1. Let p > 1 and a > —1. Assume that ¢ = 0 and ¥(z) = eg(x) with
€>0. If g(x) > 0 for all x € R, and f5/2 y)dy > 0 with some 6 € (0,1), then there
exist constants eg > 0 and C' > 0 such that

T.<Ce?  for0<e<e. (2.3)

It suffices to show that the solution to the following integral equation blows up in
finite time:

)P
u(z,t) = uo(z,t) // 1‘_?5’ aJrl /Qdyds (x,t) € R x [0, 00). (2.4)
T(x,t)

In order to prove that the solution to (2.4) blows up in finite time, we prepare a couple
of lemmas below. For [ > 1, we set (1) = {(z,t) € [0,00)*: t — 2 > 1}.



Lemma 2.2. Let u € C(R x [0,00)) be the solution of (2.4). Then there exists a
constant Cy > 0, independent of €, such that

u(z,t) > Cie?,  (x,t) € X(1). (2.5)
Lemma 2.3. Let u € C(R x [0,00)) be the solution of (2.4) and let L > 0. If we set
Ty = max{3,2 + 2(1)*T(Cy)Pe?’ L}, then we have u(z,t) > L for (z,t) € B(T}).
Lemma 2.4. Let u € C(R x [0,00)) be the solution of (2.4). Let A, T > 0 and
0<h<1 Ifweset A =2"2(1)"+tDAPR2 and T' = T + 2h, then
u(z,t) > A, (x,t) € X(T) (2.6)

implies
w(z,t) > A, (x,t) e (T). (2.7)

3 Nonlinear Klein-Gordon equation in de Sitter space-
time

In this section, we are interested in the initial value problem for the semilinear Klein-
Gordon equation in the de Sitter spacetime,

O}® +n®; — e ?A® + m?® = F(®), (z,t) € R" x R,

(3.1)
O(x,0) = po(x), 0P(x,0)=p1(z), z€R"

where ¢, 1 € Cg°(R"), F' is a smooth function and m > 0 is called physical mass.
In the Minkowski spacetime, the initial value problem for the semilinear Klein-
Gordon equation
Uy — Au +m*u = |u|*u,

has been extensively investigated. The existence of global weak solutions has been
obtained by Jorgens [7], Pecher [13], Brenner [4], Ginibre and Velo [5, 6]. In order to
use that the total energy remains constant for this equation, one needs the assumption
a < 4/(n —1). On the other hand, the initial value problem for so-called Higgs boson
equation

Uy — Au—m?u = — |[u/u, (z,t) ER" xR

in the Minkowski spacetime, and

O'® +nH®, — e ?HAD — m?d = — [®|° D, (2,t) cR" xR



in the de Sitter spacetime are studied by Yagdjian [16], and some qualitative property
of the solution revealed if the global solution exists. In addition, it was shown in Baskin
2] that the initial value problem for

OVl o
\/h_t

admits a small amplitude global solution in the energy space H'® L?, provided A > n?/4
and a = 4/(n — 1). Here h is a smooth family of Riemannian metrices on compact n-
dimensional manifold Y, which is characterized as an asymptotically de Sitter spacetime.
The cases (a,n) = (4,3) and (2,4) are also considered by Baskin [1].

Turning back to the initial value problem (3.1), Yagdjian [17] showed the global exis-
tence in the Sobolev space H*(R™) provided m € (0,v/n? — 1/2)U[n/2, 00), ||©ol| ms@n ||+
1]l z7s(mny is sufficiently small, s > n/2 and F(®) = |®|*® where a is a positive even
integer or o > s.

In Nakamura [12], the assumption on the regularity of the initial data is weakened
in the case of large mass, i.e., m > n/2. On the contrary, we are interested in the case
of small mass, that is, 0 < m < v/n? — 1/2, and wish to strengthen the decay property
of the global solution. We give another proof based on the L estimate.

Ofu + nou + ——0wu + e > Apu+ M+ [ul*u =0, (y,t) €Y xR

Theorem 3.1. Let 0 < m < v/n?—1/2, k be positive integer satisfying [([n/2] +
1+ k)/2|+1 < k and F(®) = |®|“® where « is a positive even integer. Assume
that @g, 1 € WN2(R") with N = [n/2] + 1 + k and their supports suppp, C R",
suppp1 C R™ are compact. Then, there are constants € > 0 and R > 0 such that if
leollwn2mny + [[@1llwremny < € for 0 < e < e, the problem in (3.1) has a solution ® €

2

C([0, 00); Wk=(R")) satisfying €<%_M)t”®<.,t)HWk,oo(R'n) < Re where M = /™

_ m2
4 m=.

In order to prove the theorem, we need the L* estimates for the solutions of the
linear Klein-Gordon equation with and without source term.

We introduce the fundamental solutions for the linear Klein-Gordon equation in the
de Sitter spacetime and give a representation of its solution. For (x¢,t,) € R"™ we
define the forward and backward light cones as follows:

Di(ﬂfo,t(ﬁ = {(l‘,t) € RnJrl . ‘ZC — $0‘ < j:(e*to — e*t)} .
We define

_1
E(l’,t, Lo, tUa M) = (467t07t>7M ( eit - (Q? - 513'0)2) 2+M

(e™" +
—to __ ,—t\2 __ o 2
x F 1_M71_M;1;(e 0 G ’
N T TR,

efto )2

for (x,t) € Dy(xo,to) U D_(xg,t9), where M = \/’f m?. Here we used the notation

(r —10)* = (x —x0).(x — 1) for x, 7y € R™. The kernels Ky(z,t; M) and K,(z,t; M) are
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defined by
0
Ko(z,t; M) := — E(z,t0,b; M) :
b b=0
and Ky(z,t; M) := E(z,t;0,0; M), that is

Ki(z,t; M) := (4e" )™M (1 +e7")?* = 22)‘%+M F <1 - M

,E—M;l; A-e7) -2 :
2 2

(1+et)2 — 22

The kernels Ky(z,t; M) and K;(z,t; M) play an important role in the derivation of basic
estimates for the linear Klein-Gordon equation in the de Sitter spacetime.
It was shown in [15] that the solution ® = ®(z,t) of the initial value problem

Oy +nd, — e AP +mP® =0, P(z,0) = po(z), Pi(z,0) = p1(), (3.2)

with ¢, p1 € C°(R™) is given by

n—1

O(z,t) =€ 2 ‘v (x, o(t))
5 [, 60009) R0, + 1 (6015, M) 60 (3.
cer | e 2, (05) (2K (905, 5 M),
where ¢(t) :== 1 — e with ¢ > 0. Here, for p € C§°(R"), v,(x,t) denotes the solution of
v —Av =0, v(z,0)=p(), v(r,0)=0, (z,f)cR"x(0,00). (3.4)
Moreover, the solution ® = ®(z,t) of
Py +n®,—e *AS+m?*® = f, ®(z,0) =0, Py(z,0)=0, (x,t)€R"x(0,00), (3.5)

with f € C®(R"*1) is given by
d(z,t) =2e 2 / db/ dre% v(z,;b)E(r,t;0,b; M), (3.6)

where v(z, t; b) is the solution to the following initial value problem for the wave equation
vy —Av =0, o(zr,0;b) = f(x,b), v(z,0;0) =0, (x,t)€R" x(0,00), (3.7)

where b > 0.
We derive L* estimates for the linear Klein-Gordon equation in the de Sitter space-
time.



Theorem 3.2. Let ¢q, o1 € C5°(R™) and 0 < m < —V";*l Then the solution ® = ®(x,t)
of (3.2) satisfies the following estimate

||(I)(-7t)||Loo(Rn) < QM) <||900||W[n/2]+1,1(Rn) + ||901||W[n/2]+1,1(Rn)> 5 (3.8)

or all t € (0,00). Here we put M = /™ — m?2.
f ) p 4

Theorem 3.3. Let f € C®°(R™) and 0 < m < ”L;*l. Then the solution ® = & (x,1)
of (3.5) satisfies the following estimate

n__

t
1D, ) oo (ny < Ce™ M1 / e M| £ 0) lytnszrnn gy D, (3.9)

0
for all t € (0,00). Here we put M = /% — m?.

Since the local smooth solution of (3.1) exists, we need to derive a suitable apriori
estimate for proving the global solvability of (3.1). Let k be a positive integer satisfying
[([n/2] + 14 k)/2] + 1 < k. We assume that the solution of (3.1) satisfies

(3 M B (1) [ywe @y < Re for t € [0,T), (3.10)

where R,T > 0 and € > 0.
In order to estimate the nonlinear term F'(®) we use the following lemma.

Lemma 3.4. Let F(®) = |®|* ® with an even integer o > 0 and let k be as above. Then
we have

(@)l rany < C IR wroo @y | Rllwnny (3.11)

where C' 1s a positive constant.
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