ON THE FOURIER COEFFICIENTS OF HILBERT MODULAR
FORMS OF HALF INTEGRAL WEIGHT OVER
ARBITRARY ALGEBRAIC NUMBER FIELDS

HISASHI KOJIMA

We denote by Z, Q, R and C the ring of rational integers, the rational number
field, the real number field and the complex number field, respectively. We write
F for an algebraic number field, 9 for the different of F' relative to Q, o for the
integral ring of F'. F' has ry real archimedian primes and 7, imaginary archimedian
primes. o; : F' — R (1 < i < rqp) are the mutually distinct embeddings of F' to
R, and 0,,4+; : F'— C (1 < j <ry) are the mutually distinct imaginary conjugate
embeddings of F' to C such that o, 1; # 0,41, 04y # Oria (1<, 1< 19, j #1),
Optj 0y 1 <j<m)and o; # oy (1 <i<r,1<j5<1y). Fora € F, we
put

a(l) = Ui(a) and Oé(h+j) = O-T1+J'(Oé) (1 <i:<ry,l <J< 7’2)-

Let H = R + Ri + Rj + Rk be the Hamilton quaternion algebra, H = {;,~ =
z+wjeHlz e Cw >0}, H={2z=x+1iylr € R,y >0} and D = H™ x H™.

g= (Z Z) € GLy(C) (resp., GLF (R)) acts on H (resp., H) in the following way

(A / / N —1 ] r7 a v . 1
s ae) = (et e i (sefana (4 )) =y

(resp., 2 g(2) = (az +b)(cz+d) P €H (z€ H)>
(GLy(R))™ x (GLg(C))™ acts on D in the normal way.

b ~
pola9) = s+ dand mlg,5) = (o, (9= (& 1) € GLa(C) and 5 € 7).

We define the Laplace-Beltrami operator L; on H by

o [ 02 0? 0? 0 , ,
Ly=w 8w2+8y2+8w2 —wa (3=2z+jwand z = x + 7y).

1 1
m+3

We define the differential operator Lo 2 on H by L. (f) = 46™T2 2= where

o3
ef = _yQ% and 6m—%f _ y—m—l-%a(y 2f)

0z

G = SLy(F) and G = GLy(F).
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Let ¢ and 1y be the factorial ideal such that
D[Z:7 U] = GAm (écﬁ'Ho[?vU];% D[F,U] = éa*’HO[%U];

vEh veh

and ofeo] = { (1 1)

The theta function 9(3) attached to F' is given by

I(3) = Z 68(b22/2)6(c(b22/2) exp(—27rw|b|2) (3= "(21: s 2r:3ms- s 3m1ms) € D),
beo

where dri+i = Zry+i T jwm-‘riv 65(622/2) = H:; e[(b(l))QzZ/Q]v 6@(1)22/2) =

[T, e[= R0 9)22, 1)), exp(=2mw|b|?) = [T;2, exp(=27 |6+ Pw,, 1),

and e[z] = exp(2miz). Let b and b’ be two integral ideals of F.

I =T[2607%,26') = {(i Z) € SLy(F)

Then o satisfies 9(v(3)) = h(7,3)9(3) (Vy € T[2071,20] and V3 € D), where h(7v,3)

is the automorphic factor given by Shimura. For a v = (CCL'Y Z”) € I'[2071,20],
v Gy

we put Jn(7,3) = h(y,3)" 31—[Z 1(67 Zi d(z ymit2 Hz L m(y T1+i)75T1+i)37 m =
(my,...,my) € Z",m; >1 (1 <i<nr)and u, = (1,...,1) € Z™. Let ¥
be the Hecke Grolen-character of F' and § be the conductor With f|4bb’. Define

Tty (0,859) = {1 D = C(C*-function)| () f(7(5)) = Wy(a:) Im(7.3)5)

(vy = (ﬁj Zj) € T[260~,26'0], V3 € D); (i) L1 /(3) = wif(3) (1 < i < 1),

a,deo,bep,cen}.

a,d€o,be 260 and c € zb’a} .

3 3

Ly, (w1 f(3) = wepaw?  f(3) (1 < i < ry); (iil) f vanishes at every cusp
of F[%D*l,QB’O]}. In this case, the Fourier expansion of f is as follows: For a
B € G nNdiag[y,y ]D[2607 !, 2b'0] with v € Fy, then

U, (dg) U (dsA5") F(B71(3)) N (Ap)2

=Jm( Yl Ay H [EOR(20) Wy 5, (€9 3(24))
£eFX =1
(r1+1) = €(r1+i) _% (r1+14)
X H ! ZT1+i] H 4 Twn-l—i KVi(27T‘§ ' wT1+i|)7
=1
where 3 = (21, . ., Zr1;5r1+17 e Brira)s B = Zr1+z+jwr1+za a;i+pfi = 1—(m +;)7

;B = w; (1 <1 < ry), Wy, g, is the Whittaker function, v? = 14wy, 4; (1 <1 < 1my),

K,, is the Bessel function and Ag =~""o.
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For every prime ideal p in F, we can define Hecke operator T, on the space
above. We can also define the space S,, (i, ¥) of modular forms with even weight,
and define the Hecke operator ¥; on this space for every integral ideal i.

Let f € .7, SO0 W) m = (my, . myy) (M > 1 (1 <8 <)), 7€ FX
with 7> 0, 7b = q t (fractional ideal q, and square free integral ideal v). We put
¢ = 4bb’ and p = Ve, Where e, i1s Hecke character associated to the extension

F(J7)/F. We put G, = |_| G diag [1,t,)D[0~", 200 (t\, € F). We choose

he i, (0t ) Satlsfymg pn(&,m) = pp(7€, (gr)~tm).
Define a functlon Ggra(10) =V 5 (f)(w) (1 <X <k)on D by

Cgra(w) = / h(3)0(, 10, 1) (32)™ o1 wd,
tc\D

m-l—u

dy; dx d dw . :
where dj = [/, T [z, ToHYnti@nti with 3 € D, C is a constant num-
1 Yi =1 r1+2 ’

ber, Ty = T'[207!, 27 ¢cd] and O(3,10,7,) is some theta function. We deduce the
following theorem.

Theorem 1. {U,,(f)(w)}5_; € Somw (260, 9?%) (W' = (4w, ..., 4w, , 4w, 1 +
3,... 4wy, 4, +3)). The Fourier expansion of W, 5(f)(w) is

Woa(f) (0 (“)Z D2 N 0 w7 ()

letkt m
(lt m~lree)=1

X es(IR(2))ec(lu) H c(sgn (1)) Wag 25 (13(2) )0 Ko, (471 |v),

i=1

where m runs over all integral ideals, W0 = (Z1,. ., Zr , 3r1t1y -+ 3ridtra)s 2 =

(21,0 2r)s 3rmti = Ui + G0+ (1 <0 < 13), U = (Upygis- ooy Uppgry), U =
71 . T2 i

(Vpi1s e ey Upygrg ), 17 = LAY 1] = [T 179, g, is the restriction of ¢
i=1 i=1

on the archimedian part of the adelization of F*, ¢* is the ideal character such

that ©*(to) = p(t) if t € F) and p(0)) = 1, es(IR(2)) = ﬁ elDR(2)], ec(lu) =

=1

TT el 2RUT Dy, )], Waans(IS(2)) = 11 Waay 26, (10S(20)), v, (47i]v) =
=1

i=1

ro )
[T vry i Ko, (AT |1F D)0, 1), clsgn(y)) = 1 if y > 0 and c(sgn(y)) = 0 otherwise.
i=1

We deduce the following theorem.

Theorem 2. Suppose that f is a Hecke eigen form satisfying multiplicity one
theorem. Then

g (o a” )P~ ee) = Re™ (b~ ve) "N (va) " D(0, x, §)(f. f) /(9. 9).
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where g is the primitive form associated with {¥, (f)}5_,, x are Hecke eigenvalues
of 8, D(s,x, @) is L-series associated with x and quadratic character @, and

R :,/Tf{m}271+(r1/2)+2T27{m}7_5m+(1/2)un /2 !Tc\?’

x (o +m)IY(B+m)I(v+1/2)"(—v + 1/2)[0F : (0™)?]hr

vol(T'[2071, 27 1ecd]\ D) . o
vol(T'[2v0~1, 0]\ D) D;““(t)SO (Ox(t b re).

Shimura proved the theorem above in the case where f is holomorphic modular
form of half integral weight over totally real algebraic number field, and he pro-
posed to extend his theorem to the case where f is modular form of half integral
weight over arbitrary algebraic number field.

We use the following formulas.

3

/ "0 exp(—av — oY . (V3an)dv = B a2k exp(~2y/aB) (a6 > 0),
/0 " exp(2) exp(—at) K. (at)i~Hdt = 2/ Ko (2V/3/a) (0.0 > 0)

and / YK (y) Ko (y)dy
0

=2T((+ 5 + 5"+ D/2T(( =5 + 5"+ 1)/ + 5 = 5" +1)/2)
L((l—s —s"+1)/2) /D(L+1).



