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We denote by Z, Q, R and C the ring of rational integers, the rational number
field, the real number field and the complex number field, respectively. We write
F for an algebraic number field, d for the different of F relative to Q, o for the
integral ring of F . F has r1 real archimedian primes and r2 imaginary archimedian
primes. σi : F → R (1 ≤ i ≤ r1) are the mutually distinct embeddings of F to
R, and σr1+j : F → C (1 ≤ j ≤ r2) are the mutually distinct imaginary conjugate
embeddings of F to C such that σr1+j 6= σr1+l, σr1+j 6= σr1+l (1 ≤ j, l ≤ r2, j 6= l),
σr1+j 6= σr1+j (1 ≤ j ≤ r2) and σi 6= σr1+j (1 ≤ i ≤ r1, 1 ≤ j ≤ r2). For α ∈ F , we
put

α(i) = σi(α) and α(r1+j) = σr1+j(α) (1 ≤ i ≤ r1, 1 ≤ j ≤ r2).

Let H = R + Ri + Rj + Rk be the Hamilton quaternion algebra, H̃ = {z =
z + wj ∈ H|z ∈ C, w > 0}, H = {z = x + iy|x ∈ R, y > 0} and D = Hr1 × H̃r2 .

g =

(
a b
c d

)
∈ GL2(C) (resp., GL+

2 (R)) acts on H̃ (resp., H) in the following way

z 7→ g(z) = (a′z + b′)(c′z + d′)−1 ∈ H̃
(
z ∈ H̃ and

(
a′ b′

c′ d′

)
=

1√
det g

g

)
(

resp., z 7→ g(z) = (az + b)(cz + d)−1 ∈ H (z ∈ H)
)
.

(GL2(R))r1 × (GL2(C))r2 acts on D in the normal way.

µ0(g, z) = cz + d and m(g, z) = |µ0(g, z)|2
(
g =

(
a b
c d

)
∈ GL2(C) and z ∈ H̃

)
.

We define the Laplace-Beltrami operator Lz on H̃ by

Lz = w2

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂w2

)
− w ∂

∂w
(z = z + jw and z = x+ iy).

We define the differential operator L
m+ 1

2
z on H by L

m+ 1
2

z (f) = 4δm+ 1
2
−2εf , where

εf = −y2 ∂f
∂z̄

and δm−
3
2f = y−m+ 3

2
∂(ym−

3
2 f)

∂z
.

G = SL2(F ) and G̃ = GL2(F ).
1
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Let x and y be the factorial ideal such that

D[x, y] = GA ∩ (G̃a+

∏
v∈h

o[x, y]×v ), D̃[x, y] = G̃a+

∏
v∈h

o[x, y]×v

and o[x, y] =

{(
a b
c d

) ∣∣∣a, d ∈ o, b ∈ x, c ∈ y

}
.

The theta function ϑ(z) attached to F is given by

ϑ(z) =
∑
b∈o

es(b
2z/2)eC(b2z/2) exp(−2πw|b|2) (z = (z1, . . . , zr1 , zr1 , . . . , zr1+r2) ∈ D),

where zr1+i = zr1+i + jwr1+i, es(b
2z/2) =

∏r1
i=1 e[(b

(i))2zi/2], eC(b2z/2) =∏r2
i=1 e[−<((b(r1+i))2zr1+i)], exp(−2πw|b|2) =

∏r2
i=1 exp(−2π|b(r1+i)|2wr1+i),

and e[z] = exp(2πiz). Let b and b′ be two integral ideals of F .

Γ = Γ[2bd−1, 2b′d] =

{(
a b
c d

)
∈ SL2(F )

∣∣∣a, d ∈ o, b ∈ 2bd−1 and c ∈ 2b′d

}
.

Then ϑ satisfies ϑ(γ(z)) = h(γ, z)ϑ(z) (∀γ ∈ Γ[2d−1, 2d] and ∀z ∈ D), where h(γ, z)

is the automorphic factor given by Shimura. For a γ =

(
aγ bγ
cγ dγ

)
∈ Γ[2d−1, 2d],

we put Jm(γ, z) = h(γ, z)−3
∏r1

i=1(c
(i)
γ zi + d

(i)
γ )mi+2

∏r2
i=1m(γ(r1+i), zr1+i)

3, m =
(m1, . . . ,mr1) ∈ Zr1 , mi > 1 (1 ≤ i ≤ r1) and ur1 = (1, . . . , 1) ∈ Zr1 . Let Ψ
be the Hecke Größen-character of F and f be the conductor with f|4bb′. Define

Sm+ 1
2
ur1 ,ω

(b, b′; Ψ) =
{
f : D → C(C2-function)

∣∣ (i) f(γ(z)) = Ψf(aγ)Jm(γ, z)f(z)

(∀γ =

(
aγ bγ
cγ dγ

)
∈ Γ[2bd−1, 2b′d], ∀z ∈ D); (ii) L

mi+
1
2

zi f(z) = ωif(z) (1 ≤ i ≤ r1),

Lzr1+i
(w

3
2
r1+if(z)) = ωr1+iw

3
2
r1+if(z) (1 ≤ i ≤ r2); (iii) f vanishes at every cusp

of Γ[2bd−1, 2b′d]
}

. In this case, the Fourier expansion of f is as follows: For a

β ∈ G ∩ diag[γ, γ−1]D[2bd−1, 2b′d] with γ ∈ FA, then

Ψa(dβ)Ψ∗(dβA
−1
β )f(β−1(z))N(Aβ)

1
2

=Jm(β, β−1(z))−1
∑
ξ∈F×

µf (ξ, A
−1
β )

r1∏
i=1

e[ξ(i)<(zi)]Wαi,βi(ξ
(i)=(zi))

×
r2∏
i=1

e[<(ξ(r1+i))zr1+i]

r2∏
i=1

(
4π

∣∣∣∣ξ(r1+i)

2
wr1+i

∣∣∣∣−
1
2

)
Kνi(2π|ξ(r1+i)wr1+i|),

where z = (z1, . . . , zr1 , zr1+1, . . . , zr1+r2), zr1+i = zr1+i+jwr1+i, αi+βi = 1−(mi+
1
2
),

αiβi = ωi (1 ≤ i ≤ r1), Wαi,βi is the Whittaker function, ν2
i = 1+ωr1+i (1 ≤ i ≤ r2),

Kνi is the Bessel function and Aβ = γ−1o.
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For every prime ideal p in F , we can define Hecke operator Tp on the space
above. We can also define the space Sn,ω(i,Ψ) of modular forms with even weight,
and define the Hecke operator Ti on this space for every integral ideal i.

Let f ∈ Sm+ 1
2
ur1 ,ω

(b, b′,Ψ), m = (m1, . . . ,mr1) (mi > 1 (1 ≤ i ≤ r1)), τ ∈ F×

with τ � 0, τb = q2r (fractional ideal q, and square free integral ideal r). We put
c = 4bb′ and ϕ = Ψετ , where ετ is Hecke character associated to the extension

F (
√
τ)/F . We put G̃A =

κ⊔
λ=1

G̃ diag [1, tλ]D̃[d−1, 2bb′d] (tλ ∈ F×h ). We choose

h ∈ Sm+ 1
2
ur1 ,ω

(o, rbb′;ϕ) satisfying µh(ξ,m) = µf (τξ, (qr)
−1m).

Define a function gτ,λ(w) = Ψτ,λ(f)(w) (1 ≤ λ ≤ κ) on D by

Cgτ,λ(w) =

∫
Γrc\D

h(z)Θ(z,w, ηλ)(=z)m+ 1
2
ur1w3dz,

where dz =
∏r1

i=1
dxidyi
y2i

∏r2
i=1

dxr1+idyr1+idwr1+i
w3
r1+i

with z ∈ D, C is a constant num-

ber, Γrc = Γ[2d−1, 2−1rcd] and Θ(z,w, ηλ) is some theta function. We deduce the
following theorem.

Theorem 1. {Ψτ,λ(f)(w)}κλ=1 ∈ S2m,ω′(2bb
′,Ψ2) (ω′ = (4ω1, . . . , 4ωr1 , 4ωr1+1 +

3, . . . , 4ωr1+r2 + 3)). The Fourier expansion of Ψτ,λ(f)(w) is

Ψτ,λ(f)(w) = N
(tλ
r

)∑
m

∑
l∈tλr−1m

(lt−1
λ m−1r,rc)=1

N(m)lm−1|l|−1ϕa(l)ϕ
∗(lr/tλm)µf (τ, (rq)−1m)

× es(l<(z))ec(lu)

r1∏
i=1

c(sgn(l(i)))W2α,2β(l=(z))vK2ν(4π|l|v),

where m runs over all integral ideals, w = (z1, . . . , zr1 , zr1+1, . . . , zr1+r2), z =
(z1, . . . , zr1), zr1+i = ur1+i + jvr1+i (1 ≤ i ≤ r2), u = (ur1+1, . . . , ur1+r2), v =

(vr1+1, . . . , vr1+r2), l
m−1 =

r1∏
i=1

(l(i))mi−1, |l| =
r2∏
i=1

|l(r1+i)|, ϕa is the restriction of ϕ

on the archimedian part of the adelization of F×, ϕ∗ is the ideal character such

that ϕ∗(to) = ϕ(t) if t ∈ F×v and ϕ(o×v ) = 1, es(l<(z)) =
r1∏
i=1

e[l(i)<(zi)], ec(lu) =

r2∏
i=1

e[2<(l(r1+i)ur1+i)], W2α,2β(l=(z)) =
r1∏
i=1

W2αi,2βi(l
(i)=(z(i))), vK2ν(4π|l|v) =

r2∏
i=1

vr1+iK2νi(4π|l(r1+i)|vr1+i), c(sgn(y)) = 1 if y > 0 and c(sgn(y)) = 0 otherwise.

We deduce the following theorem.

Theorem 2. Suppose that f is a Hecke eigen form satisfying multiplicity one
theorem. Then

|µf (τ, q−1)|2µ(h−1rc) = Rϕ∗(h−1rc)−1N(rq)−1D(0, χ, ϕ̄)〈f, f〉/〈g, g〉,
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where g is the primitive form associated with {Ψτ,λ(f)}κλ=1, χ are Hecke eigenvalues
of g, D(s, χ, ϕ̄) is L-series associated with χ and quadratic character ϕ̄, and

R =π−{m}2−1+(r1/2)+2r2−{m}τ
m+(1/2)ur1
s π−r1/2|τc|3

× Γ′(α +m)Γ′(β +m)Γ′(ν + 1/2)Γ′(−ν + 1/2)[o×+ : (o×)2]hF

× vol(Γ[2d−1, 2−1rcd]\D)

vol(Γ[2rd−1, cd]\D)

∑
t⊃h−1rc

µ(t)ϕ∗(t)χ(t−1h−1rc).

Shimura proved the theorem above in the case where f is holomorphic modular
form of half integral weight over totally real algebraic number field, and he pro-
posed to extend his theorem to the case where f is modular form of half integral
weight over arbitrary algebraic number field.

We use the following formulas.∫ ∞
0

v
ε−3
2 exp(−αv − βv−1)Hε(

√
2αv)dv = β

ε−1
2
√
π2

ε
2 exp(−2

√
αβ) (α, β > 0),∫ ∞

0

exp(
p

t
) exp(−at)Ks(at)t

− 3
2dt = 2

√
πp−

1
2K2s(2

√
2
√
ap) (a, p > 0)

and

∫ ∞
0

ylKs′(y)Ks′′(y)dy

=2l−2Γ((l + s′ + s′′ + 1)/2)Γ((l − s′ + s′′ + 1)/2)Γ((l + s′ − s′′ + 1)/2)

Γ((l − s′ − s′′ + 1)/2)
/

Γ(l + 1).


