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000G = (V,E) 0000000 VO EQDODODOV =V(G)0 0 000000E = EG) O
VOO0 u,wD000 Duw = {u,0} 00 (000000000)0G000 w 00 (w,0),(v,u) €V XV
000000 symmetric digraph 00 Dg = (V,D(G)) 0000 (w,v) 0 arc 0000G O ares 000
00D(G) = {(u,v), (v,u)luv € E(G)} 0000e = (u,v) € D(G) D0000uw,v 000000eD
00,00 0000w =o(e),v=tle) 0000000e ! = (v,u)0 e = (u,v) 0 inverse 100 0G O
path P = (e1,---,e,) 00e; € D(G),t(e;) =0(ei41)(1 <i<n-1)00 ey, ---,e, 000000nO P
000D 0000|Pl=n00000(P)=o0(e1),t(P)=t(e,) 000DOPDO (o(P),t(P))-path OO0 O O path
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Z(G,u) = Zg(u) = [J(1 —ulH)~".
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1.2. TharaO OO
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k000000000
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00 1 (Ihara) GOOO (¢+1)-000000000GO Thara0O0ODO0O0OO0OOODOOODOODO:

Za(u) = (1—u?)~ " det(I, — A(G)u+ qu’L,) ™" = exp() %uk).
k>1

0000m=|EG)|,n=|V(G)000000O0ON,0 GODODO k0O reduced cycles 000 ODO0O

1.3. 0000000 TharaOOO OO
GO nO vy, v, 00mO00000000000000nxn0000 D = (dij)00d; = deggu; O
go0ooooogooo 2m X 2m oo B = B(G) = ((B)E,f)e,fED(G) and JO = Jo(G) = ((JO)e,f)e,fED(G)
goooooooooo
1 if t(e) = o(f), 1 if f=et,
(B)&f_{ (e) = o(f) (Jo)e,f—{ f

0 otherwise, 0 otherwise.
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k>1
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00000 0OStark and Terras (340000000 GO arce000000000000OOO00OODOOOOO
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00GO edge0D0O000 (g(u)O0O

Ca(w) =1 —ge)
[C]

000O00oo0oooo[C]0 GO prime, reduced cycle 0000000000

00 3 (Stark and Terras) m 0000000 GOOODOO

Ca(u)™ = det(Iy, — (B — Jo)U) = det(Ia,, — UB — Jo)).
0000U =diag(ui,...,u2,) 0000 ug,...,us, 000000000

00 OMizuno and Sato [27] 00000 GOOOOOOUDOODOOOODODOOOODOOOOu, =w(ex)t
0000000 GO weighted DD OO00DO00DDOGOOOOOOOV(G) ={v,--+,0,} 000000
nxnO0 W = (wij)i1<ij<n 00000 (;,0;) € D(G) 00004/ 0000000000 w;;00000
O00w; =00000W =W(G)O GO weighted matrix 0 0 0 O w(v;, v;) = w;j, v,v; € V(G)DDODO
w(e) = w;j, e = (v;,v;) € D(G)0OOO0G OO path P = (eq,---,e,) 00000 PO norm w(P) 00O
w(P) =w(ey) - wle,) 000000000G0 000 weighted 00000 OO

Z(G,w,t) = [J(1 - w(C))
[C]
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wOOODODO0OO0O eeD(G)00000w(e ) =w(e) 0000
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n=20000
_ | a b 0 00 ac+b8 | | blea+dpB)
R e 3 | P P | e i e e

oooood

k#0,+20000k+1#£+1000
a-[3]
X,000,0000000000000000-000 k00000000 00 00
P(X, = k) = [[}|]* = |af* + |8

gooooo
goooboboooboo

o=zl 5]l

gobooboobooobooboobooobooboobboobooboboobbooboo




— = = | O

000000000000000000000n—o0c 00000 (0000)000000000000
000 ([200000)0000

00 5 (Konno) 0O0OOO
5 | Gap i =)

gobooooooobooooooooooooon

%—>Z(n—>oo)[[ll][l]

ooo

(1 (lf? - 187 + W}d

v 1 o 2
lim p(ugﬁg ):/ V |a|
n—oo n u 7-(-(1 _ 22) /|a|2 2

goboobbooboooboo

goog

24. 000000000 GroverOOQOQOOO

GOnO0OmODODODOOOGOOvO0O0O0Od,=deggv000000D(G)00DOOOODOOODO
00 Emms [9) 00000000

D(G)00 arce=(u,v) 00000pure000%, =%, 00000{Z. |ee D(G)} 000000000
CQmDDDDDDDDDDDDDDDarC(u,v)l]l] arc (w,z) 00 00 D0Dv=wO0O00000O0DD
oooooooooooaoo

,(/} = Z au’U‘Q—I;UU7 auv E C

(u,w)ED(G)
0007, 0000000

P(fe) = Oy Oy

oooooooon

E Oy Oy = 1

(u,v)€D(G)
Doon
0000000000000000000000 4441,¢:0000000000 UOODO00¢:4; = Uty
0000000000000000000D(G)0000000000000000 Grover 1000U =
(Uw ), (u0))([14] 0O T ):

2/d7j if'l):w’x#u,
U(w,x),(u,v) = 2/dv —1 ifv= w,T = U,
0 otherwise



0000000000000 000O00OO0O0O00OO0O0OO0 D(G)UDODODODODOO0OODUODODOODOOGDO
0000 GroverOOO0OO0O OOOO

0 GOOV(G) =A{u,v,w,z} 00 D(G) = {(u,v), (v,u), (v,w), (w,v), (v,2),(z,v)} COO0DO0D0O00DO
D(G) O order 0O O (u,v), (v,u), (w,v), (v,w), (x,v), (v,x) DOO0DOO0Grover 0000 UODO

0O 1 0 0 0 0
~1/3 0 2/3 0 2/3 0

u_| 0 0 0 1 0 o0
1 2/3 0 -1/3 0 2/3 0
0o 0 0 0 o0 1

2/3 0 2/3 0 —1/3 0

oooo
O0v¢%; = aZyy — bTwy (a2 + 02 = 1) 000 0¢%y = Uy = aUZy, — bUTy, 00007, =
T(100000),%, = T(001000) O O O

Yop1 = aT(0 —1/302/302/3)—b7(02/30 —1/302/3)
= (=1/3a — 2/3)Tvu + (2/3a + 1/3b)Tpw + 2/3(a — b) T s

00000000 (—1/3a—2/3)%2 +(2/3a+1/3b)2 +4/9(a — b)? = a® + b = 1.

000000000 Grover0000000000000000000000000000O00

2.5. 00000000

000000 G,HOOOOODOOG=®HOOODOOOO0O0O f:V(G) — V(H)OOODOOOw € E(G)
000000 f(u)f(v) € E(H)DOODOOD0OO0O0D0O00000000000000000000000000
00000000000

000000000000000 GHOODOOOG=HOO000000000

00000000000 00000000000000

0000000000 G,HOOOOO

G=H<« f(G) = f(H)

0000o0ooooooo f(G)ooooooo

000000000 &G;A) =detM - A(G)0000000000000000(G;A) = ®(H;\)
00 GHODOUOOODO G, HOOOOD (B))booUhharaD 00000000 DOOOODOOODOODOO
Z(Gu)=Z(H;v)00 G2 HOOOD00O0 G, HOOO00O0 ([7))0

0000000000000 OShiau, Joynt and Coopersmith [33], Emms, Severini, Wilson,and Hancock
[11], Douglas and Wang [8], Gamble, Friesen, Zhou, Joynt and Coopersmith [12) 00000000000
gobooboobobooobdoobooooboobbobboobboobobooboo

0 O O Emms, Hancock, Severini and Wilson [10]00000000000000000O0OOODOOOOO

00000 A =(a;;) 00000A O positive support A“‘:(a;;-)EID

+_{ 1 ifaij>0,

a’ = .
& 0 otherwise

gobooooo



00 1 (Emms, Hancock, Severini and Wilson) G, H O0OUOOO0O0O0OOODOOOOOOOOO O

000
G = H « Spec((U(G)*)") = Spec((U(H)*)™).

0000Spec(F)DODODOFOODDOOD (DO0DDO)0U(G)O GO GroverDOODOOODO

G0 000000000000000000 nk,Ap0000(n,kA\p)-00000000000000
0ooOoo0o0oon

o |V(G)| =nO

e GOUUUUDOvOOd, = kO

e JIDDOOODODDw,vOOANODOOODOOOO

e UIIDOUODDO z,yOUOpUODOOODODOODOO

00000000000 K, 00(2n,n,0,n)-000000000000000000000001400
00000000000 (10)000000000 (16,6,2,2)-0000 20000000000 (36,15,6, 6)-
0000 325480000000000000 ((11))0Emmsetal [11]00000000000000000
000000000000

0000000000000000000000 (0000?)00000Spec((U(G)3)H000000
d(U(G)3)+;\)0000000000000000000

3. 0000000 weighted 000000 Grover 01000000000

3.1. 0000000 weighted 00000

GUnOOmOOOOODO0OOOOW = W(G) O GO weighted matrix 000000000200
2m x 2m 00 By, = By (G) = (B, sen@) O Jo = Jo(G) = (Je f)e sen(e) 000000000000

B((:,f):{ w(f) if t(e) = o(f), { 1 if f=e1,

0 otherwise Jef = 0 otherwise.
O0000GO 0O 20 weightedDOOOO OOOODOOOOOOOOO

Zl(G,’LU,t) = det(In — t(Bw — Jo))il.

OeeD(G)0000 w(e)=10000G0O0 20 weightedD0ODODOO0O0OGO TharaODOOOODOOOO
00000 20 weighted 0D O0OO0ODOOO0OOO0ODOOOOOOOO ([31]000)0

00 6 (Sato) GOODODDOOW = W(G) O GO weighted matrix 000 000000G 00 20
weighted 000 000000000000000

Z1(G,w, )™t = (1 —tH)™ " det(I,, — tW(G) + t*(Dy, — L,,)).

0000n=|V(G)|,m=|E(G) 00Dy =(dy;) 00 dii =3,
gogooooo

w(e), V(G) ={vy,---,v,} 000

e)=v;

3.2. Grover D 000000000
00000000 GroverUO0OO0OO0ODOODOOOOOOOO
GO nO00mO000D000000000nrxn00 T(G) = (Tuw)uwev(e 0000000000

1/(deg gu) if (u,v) € D(G),
Two = .
0 otherwise.



00 7 (Konno and Sato) GO n0 vy,...,v, 0 mOO0000000D000DO0GO Grover 0000
vodoooooo

(A2 —1)™ " det((A\? + 1)D — 20A(Q))
dvl"'dvn ’
Proof. GO nDDmDDDDDDDDDDV(G):{vl,...,vn}DD(G):{61,...,em,ef1,...,e;11}[l
0000 j=1,...,n0000 dj =d,, =dego; 0000000002m x2m 00 By = (Bey)eenic)

Buj— { 2/dy(p) if t(e) = o(f),

0 otherwise

det(My,, — U) = (A2 = )™ " det((\2 + 1)L, — 2A\T(G)) =

0oooooogoe6e0Oooa
det(Iy,, —t(Bg — Jo)) = (1 — t3)™ " det(I,, — tW4(G) + t*(Dg — I,,)).
DDDDWd(G):(wuv)u,UEV(G)D Dd:(duv)u,ueV(G) uooooooooooo

w. 2/d, if (u,v) € D(G), g {2 if u=mo,
10 otherwise, “277 1 0 otherwise.

000
dj x (2/d;) =2 (1 <j <n)

ogoooobooooood
det(Iy,, —t(TBg —TJp)) = (1 — tH)™ " det(I, — tW4(G) + t21,,).

goooad
By —TJy = U and Wy4(G) = 2T(G).

oooo
det(Iy,, —tU) = (1 — t)™ " det((1 + t*)I,, — 2tT(G)).

O0t=1/A00000

da(hmito__0-3;>mwda<(y+;JIn—iT«n>

ooooooooo
det( My, —U) = (A2 — )™ " det((\? + 1)I,, — 2AT(G)).

0ooo
T(G) =D A(G).
ooooo
det(Mlgy, — U) = (A2 —1)™ " det((A2 + 1)L, — 2AD'A(Q))
= (A2 —1)m " det D 1 det((A\2+ 1)D — 20A(G)).
detD~t=1/(dy, ---d,, ) 0000

(A2 = 1)~ det((A2 + 1)D — 20A(G))

det(Ms,, —U) =0
et(AlLz ) dy, - dy,

Q.E.D.
00 7000Grover 0000 UDDODOOODOOD T(G)0O0000D000D0 ([10)0
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Corollary 1 (Emms, Hancock, Severini and Wilson) GO n 00 m 0000000000000
Grover 0000 UODOOOOOOO2n000

A= Ap£iy/1— A2

0000MO00 T(G)0D0O0O0DO0ODODUOODOO 2m—n) 000000 £1 0000000000
gog

Proof. 00O 7000

det(Mg, —U) = (A2 —1)™™" 11 (A2 4+1—2X7N).
Ar€Spec(T(G))

A=Ap+iy/1—- A2
00000000000Q.ED.

Emms et al. [10]00Grover 0000000000000 O00O0O00ODOOOOO0OOOODOOGroverd00O
ggbooopoboobooon
GOD0O0ODO0ODODOOOGroverO0O0O0O UDOOOOOODOODOODOO

Mi+l1-22pA=000000

Corollary 2 GO n0O vy,...v, 0 mOIO0O0000 E-O000000000OGrover0000 UDDODOOO

0002000
VL daxi/EE N
; .

0000OMO0D0 A(G)DODODODOODOODUDOODO 2(m—n)000000 £10000000000
gogd

Proof. 00 70000000D=kL, 00000

()\2 _ 1)m—n 9
det(\lpp, — U) = ~“——— II & +k—220).
LRI Aa€Spec(A(Q))

EN+ k-2, =000000

NERYEI NGRS,

k
JooooooooooQ.ED.
3.2. Grover 0 0000 positive support 000000
00000 GO Grover 00000 positive support UT 000000000000 A(G)ODOO0OODO
0oooo ([10)0
Ren, Aleksic, Emms, Wilson and Hancock [30] O O Grover 0 00 0O positive support Ut O O Thara
0000000000000 00 edgematrixOOOOOOODO

00 8 (Ren, Aleksic, Emms, Wilson and Hancock) GOODOOO0ODOOGOOOOO 60 §(G) > 2
000D00O0O0B—-Jg0 GO Perron-Frobenius operator0 0 0 0 0 Oedge matrix 0 00U O G O Grover
00000000oo00oooOB—Jo0 UD positivesupport 000000000

B-J,=(Tu)*.

11



002000 8000Grover 00000 positive support Ut 0000000000

00 9 (Konno and Sato) GO n0 vy,...,v, 0 mOO00O0O00O0000D0O0O0GO GroverDOODO
0 positive support UT 0000000

det(Ma, —UT) = (A2 — D)™ " det((\* — 1)I,, — AA(G) + D).
Proof. 00 2000 8000
det(\Iz,, —uU?) = det(Iz, —u(™B —TJp))
= det(Iy, — u(B — Jy))
= (1 —-t3)m"det(I, — uA(G) +u*(D —1L,)).

O0uw=1/A00000

1 1\"" 1 1
00o0oooooon
det(My,, — UT) = (A2 — )™ " det((\* — 1), — AA(G) + D).
QE.D.

00900000000 GO Grover 00000 positive support Ut 000000000000 A(G)
gooooobogoooo

Corollary 3 (Emms, Hancock, Severini and Wilson) Let GO n 00 m 000000 k0000
006(G)>20000 Grover 00000 positive support UT 000000002, 000

/\:%iiq/k—l—)\i/zl.

00D0MO A(G)ODDOOOODOUTODOOO0 2(m—n)000000 £10000000000000

Proof. 10 9000D =4I, 00000
det(Mgm — UT) = (A2 —1)™ " det(\2 + &k — 1)I,, — AA(G))
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